Fuzzy Set Theory)

—

problems in the real world quite often turn out to be com
either in the parameters which define the problem or |
oceurs. N

Althoulgh P"Obab'h‘!{’ lhqory has been an age .old and effective tool to handle uncertainty, i
can be applied only to situations whose characteristics are based on random processes, that is
processes in which the occurrence of events is strictly determined by chance. However |r'1 rcallty'
there turn out to be problems, a large class of them whose uncertainty is charauc‘nmd by :;
nonrandom process. Here, the uncertainty may arise due to partial information about the problem,
or due to information which is not fully reliable, or due to inherent imprecision in the language
with which the problem is defined, or due to receipt of information from more than one source
about the problem which is conflicting.

It is in such situations that fuzzy set theory exhibits immense potential for effective solving of
the uncertainty in the problem. (Fuzziness means ‘vagucnes§ ﬁﬁ set theory is an excellent

plex owing 1o an element of uncertainty
n the situations in which the problem

mathematical tool to handle the uncertainty arising due to vaguenessyUnderstanding human speech
and recognizing handwritten characters are some common instance: where fuzziness manifests,

ﬁt was Lotfi A. Zadeh who propounded the fuzzy set theory in his seminal paper,(Zadeh,
1965). Since then, a lot of theoretical developments have taken place in this ﬁcld;fl_t i however,
the Japanese) who seem to have fully exploited the potential of fuzzy sets by commercializing the
technology” ﬁore than 2000 patents have been acquired by the Japanese 1n the application of the
tt:chniq:l?:md~ the area spans a wide spectrum, from consumer products and electronic instruments

to autormobile and traffic monitoring systems.

6.1 éuzzv VERSUS cmsp)
a definite Yes/True, or NolFalse,

ﬁO“Sidﬂ the query, “Is water colourless?” The answer to this 1s Pl accawled

W warranted by the situation. If “yes”/“true” is accorded a value of 1 an hich demands a binary
2 value of 0, this statement results in a 0/1 type of situatioy/ Such 2 loglc;_vh statements such as
foil) type of handling is termed crisp in the domain of fuzzy st ‘hcoryds" ::e examples of crisp
Temperature is 32°C”, “The running time of the progr am is 4 seco8

Slluations, (7" The answer to this query need

On the other hand, 6nsidcr the statement, “Is Ram hcmc;'ch one knows Ram, a vanety of
M0 be a definite “yes” or "no”. Considering the degree to Wi
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" ly dishonest™, *
answers ning a range, such as “extremely ht".'.CS' » extremely, ¢ et d
v St covid ba g;mm If, for instance, “"‘""“dy-;‘,::w:“:t:l:; b;" aT:T‘
of 1. at the high end of the spectrum of values, “extmmcly“dl lzcsbe % nedo 0 at the low e"e
of the spectrum, then, “honest at times” and “very vavrodibngs ass;ng Values of 04 "li
0.85 respectively. The situation is therefore so fluid that it CA, ACOSP! VATuEs betwoen 00, W
contrast to the earlier one which was either a 0 or 1. Such a situation 1S termed £, -~

e . Figyp, 6';1
shows a simple diagram to illustrate fuzzy and cnisp situations. .

/-\ T & o Yes!
ind

Is Ram honest? v s 9
Fuzzy

Fig. 6.1 me versus crisp.

Classical/Boolean ,
logic Fuzzy logic
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62 CRIS
of discourse.

-

- ivgrse of discourse of universal set is the set which
cn, w

The ¥ sible elements having th
\inlti s all poss : £ the same characteristics
.:oﬂﬂ':, versal set i denoted by E. Siristis

ith reference to a particular context,
and from which sets can be formed.

ple
i The universal set of all numbers in Euclidean space

(
(ii) The universal set of all students in a univcrsilﬂ

el
\A et is 8 well defined collection of objects. Here, well defined means the object either belongs to
t—“ does not belong .to the sct)obscrvc the “crispness™ in the definition).
set in certain contexts may be associated with its universal set from which it is derived
@ivcn a set A whose objects are a,, a, ay,..., a,, we write A as A = |a,, aj,..., @ l.}-lcre.
ay, e Gn ATE called the members of the set. Such a form of representing a set is known as nh'st formj
R
Example
([ A = (Gandhi, Bose, Nehru)

B = [Swan, Peacock, Dove}
A set may also be defined based on the properties the mem
case. a set A is defined as

bers have to satisfy. In such a

A= (x| PW) (©6.1)

Here, P(x) stands for the property P to be satisfied by the member x. This is read as ‘A is the set

of all X such that P(x) is satisfied".
Example

A = (x|x is an odd number}

B =l_\'|_v>0andym0d5=0D

Venn dlagra@
a set. Given 2 set A defined over a u

enn diagrams are pictorial representations 10 denote &
et E, the Venn diagram for A and E is as shown in Fig. 6.3.

niversal

/———"’TE

3 Venn diagram of a set A )

Fig. 6.
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E—aﬁ‘ Neural Networks, Fuzzy Logic
Example f university students then A may represep, th
- nts the set ol U € sy
In Fig. 6.3, if E represe |
female students.
@Mw) - he set A. The m
. f a set A if x belongs to t eMmber.
An element x is said to be a mcmbf;;])ongs to”. Thus, x € A means x belongs to 4 andzht: "
A

indicated by ‘€’ and is pronounced
means x does not belong to A.

Exam
(I.‘:::enA=(4 5,6,7.8,10), forx=3and y=4, wehavex ¢ Aand y € 4

Here. observe that each element either belongs to or does not belong to a set. The concep; ,,
‘ u'aﬂ, a\.

' 0—does not belong to). In cop
membership i ite and therefore crisp (1—belongs t(?, )
we shall seellsa:d;ﬁ%l fuzzy set accommodates membership values which are not only 0 o | b

anything between 0 and l’:

Cardinality
The number of elements in a set is called its cardinality. Cardinality of a set A is denoted as n(A)

or |A| or #A.

Example
IfA=1{4,56,7) then |A| = 4
-PFaminofsetr:/

Lﬁ set whose members are sets themselves, is referred to as a family of sets.

JEnmple
A ={{1, 3,5}, (2.4, 6}, {5, 10}) is a set whose members are the sets {1, 3, 5}, {2, 4, 6], and

{5, 10}7

( Null Set/Empty Set

Ase(issaidtobcanullseroremptyserifithas
and indicates an impossible event. Also, |9| =0.

Example
The set of all prime ministers who are below 15 years of a@

C:ingleton Set>

set with a single element is called a singleron ser A singleton set has cardinality of 1.

no members. A null set is indicated as & or ()}

Example
IfA={a), then JA|= 1\)

Subset
Given sets A and B defined over E the universa] set, A is said to be a subset of B if A is fully
contained in B, that is, every element of A is in B
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/5:::’3_.-“’0 say that A is a subset of B, or A is a proper subset of B. On the other

a ) _

"o.wdcomained in or equivalent to that of B then we denote the subset relation as 4 < B.

and if A ISSC A is called the improper subset of B.
h a €8

In $Y©

t :

' 4 and B on E the universal set, A is said to be a superset of B if every element of B 1s

; sets

ted ;15 A O B, we say A is a superset of B or A contains B. If A contains B and is
g then we denote it as A D B.

1
E"Blﬂpe - (3,4)B= (3,4, 5) and C = {4, 5, 3)

A

Let A
Ac B and B> A

Here: il B, and Bo il
;owa-set

ver set of a set A is the set of all possible subsets that are derivable from A including null

po

" A power set is indicated as P(A) and has cardinality of |P(A)| = 2Kl
Example

Let A= {3v 4, 6, 7}
PA) = ({3}, {4}, {6). {7}, {3, 4}, (4,6}, {6, 7), {3, 7}, {3, 6), {4, 7},
(3. 4,6}, {4,6,7),{3,6,7),{3,4,7}, {3,4,6,7}, D)

Here, |A|=4 and [P(A)| = 24 = 16.

6.2.1 Operations on Crisp Sets

(J Union (L)
The union of two sets A and B (A U B) is the set of all elements that belong to A or B or both.

AUB = {x/Ixe A or xe B} (6.2)
Example

. Giver!A ={a,b,e,1,2)and B={1,2,3,a,c}, wegetAuUB={a,b,c,l,?2,3)
1gure 6.4 illustrates the Venn diagram representation for A U B

o

Fig. 6.4 Venn diagram for A U B. )

—_—
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intersecton (—
The mtersection of two sexs A and B (A ~ B) u the se2 of 2ll clemenns gy ; .
“ {
AnB=IzizxeA aad z€B) h'q% f
Azy reo scts whach have A N B = © are called Drspoont Sers :
Example
GveaA=(ab.c.1.2] aad B:—"";.Z_E,a.c;,-cgu,q»g___,l(‘q
Fgere 6.5 ilestrases the Venn dagram for A m B " l
E
7%
7/,
” '\_/4/5
Fg 65 mmbrife/
Complement (~)

The complement of 2 se1 A AlA") is the set of all ciements whach arc m E bt st m 4
A= lzixeA z<E) L4

Example

Gwvea X=01.23.4.5.67) a=d A=(54.

Lad

J.wep A" =(1.2.67)

Emé,bmmc\'mhgﬂkx,&'.

77

Y

Fig. 66 Vern dagam for A°

i

_
| Difference ) ”
ae differomce of the se1 A 20d B is A — B, e set of al clements which are i A 5 ™

-

A-B=IzlzxcA aad x&B)
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A= {ﬂ.‘b! c, d’ e] and B= [bv dlo we EC|A—-B

illustrates the Venn diagram for 4 _ g

T

7,
NN

Fig. 6.7 Venn diagram for 4 — g |
v

Properties of Crisp Sets

umutativiry: AUB=BuUA
ANnB=RB NA
socianvity: AuByuC=2A4 U(BUO

(Ar\B)mC=Ar\(BmC)
stributivity: AUBNO=(A UB)N(Au O
Am(HuC):(AmB)u(AmC)
lempotence: AUA=A
ANnA=A
ntity: Au@:A
ANnE=A
ANn@=0
AVE=E
Law of Absorption: AU(ANnB)=A

An(AUB)=A
Tra:mn'\'iry: If AcB, ’ cCthenAc C

nvolution: ’ (A=A

W of the Excluded Middle: A U A* = E

W of Contradiction: ANA=0Q

¢ Morgan's Iqws: (AUB)Y =A"N B

(A mB)‘:A'uB’)

Properties could be verified by means of Venn diagrams.

= {a, ¢, e)

wing properties of sets are important for further manipulation of sets.

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)
(6.12)
(6.13)
(6.14)
(6.15)

(6.16)




/// E

. e e . 4

: SO % Y N

jm . W/a/%, / ///,f //B%m
I Na N ERN N m/.a NN ,w

i _ f

V ..mm. m ...M - w w ..M_,E W
3 £ ¢co o | . N .
RS A INNNE W 2 R Nz N €
£ M. m,un b M, < /‘ 5 h Mw
il 8 AasSsS 5 )




/—‘—.—_—_

// \ Fuzzy Set Theory ﬁ-ﬁ_s
/ole 62

pe - A. B. C, and E be given ag follows:

L"‘h:: _ all students enrolled in the university cricket club

A= male students, B = bowlers, and ¢ = batsmen

mal
female students who can both bowl and bat, € Students (b) bowlers who are not batsmen
) 1€

9"""’"

e
. 1
E__N ]
7 \\ 7
I
\ 4
N 7
N 7 4 c
a—

—

(a) Female students

C

(b) Bowlers who are not batsmen

C

(c) Female students who can both bow! and bat

Expeiple 6.3

= _ Also, let the number of
In Example 6.2, assume that |E| = 600, |A| = 300, 18] = 325, ICJ tsn::l? t0}; ﬁ A B n C), and the
male students who are bowlers (A4 N B) be 100, 25 of whom are ba

"al number of male students who are batsmen (4 N C) b¢ S Not bowlers, (iii) Not batsmen,
( Determine the number of students who are: (i) Females, (i)

Iv) Female students who can bowl.

7% mop - Lop ot
< =8 "
";—'TD '_,_‘c.? - ':';—/ ("a

S ~



E = 600

| !E|_13I=600-225=375

- = 600 — 160 = 44(
smen = B| = 125 (from the Venn diagram)
bow!




